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Abstract 
The channel forming method according to pre-set shapes and positions of its cross sections providing a smooth transition from 
one channel section to another for reducing energy losses of the transported operating medium in a channel is presented in the 
paper. The purpose of this method is setting the law of continuous variation of channel sections parameters providing a 
continuous framework of a variable section surface containing initial cross sections. The relation between geometry and 
dynamics of lines is revealed in the method. This relation is established through moments of inertia, centers of mass and central 
ellipsoids of inertia of lines. An example of surface forming according to the framework set by superellipses arbitrarily oriented 
in a general system of reference is given. 
© 2015 The Authors. Published by Elsevier Ltd. 
Peer-review under responsibility of the Omsk State Technical University. 
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1. Introduction 
It is known that the equations describing unsteady fluid flows in pipes are deduced taking into account the effect 
of a pipe geometry on this flow [1]. Thus as defining pipe geometry, the following factors are accepted: 
x  a perimeter and an area of the cross section determined by its shape; 
x  a longitudinal pipe shape created by the law of change of a cross section shape while its shifting along a 
hydraulic axis. 
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Pipelines are known to be used in products structures of oil and gas engineering and chemical engineering can 
have both constant and variable cross sections [1,2]. 
The analysis of existing pipelines calculation schemes shows that they are applicable for pipelines of a simple 
geometry, when the pipe cross section is a circle, a triangle or a rectangle, and a longitudinal pipe shape is a 
rectangle or a stepped set of  rectangles. At the same time, there is a necessity for pipelines of a more complex 
geometry [2] and a proper mathematical description. 
The purpose of the paper is the development of mathematical tools for complex geometry pipelines modeling 
taking into account all mentioned above geometrical factors. 
2. Theory elements 
We shall explore a method of creation of an orthogonal continuous framework of a channel surface in which the 
framework is formed by a continuous motion of a generatrix through discretely assigned in advance generatrices. 
The motion of the channel surface generatrix is made along the guiding line [3], which is continuously connected 
with preset generatrices and is defined as the line containing the centers of mass of generatrices of the designed 
channel surface framework. The direction of a normal to the generatrix is the same as the tangent to the generatrix.  
The proposed method of the channel surface continuous framework formation uses the device based on dynamic 
characteristics of the set generatrices, such as axial inertia moments representing ellipsoids [4] in geometrical 
interpretation. These ellipsoids and moments of inertia are considered to be parameter carriers of the modelled 
channel surface framework. Thus, the problem of sections shape control by means of parameters control defining, 
based on dynamic characteristics of these sections is solved. 
The method involves two basic stages. At the first stage, a directional line is designed according to the given 
framework and its basis tangent, normal and binormal vectors are defined. At the second stage,   based on the 
moments of inertia, the coefficients of  parametric equations describing the shape of generatrices of the continuous 
surface frame are determined and then by means of the directional line basis vectors a spatial position of these 
generatrices  is defined. 
2.1. Formation of a directional line (hydraulic axis) 
Turn now to the first stage – to the directional line design process. The process involves the algorithm repeated 
for each i-th generatrix of a set discrete frame. 
We agree that the arrangement of cross sections of the designed frame is set in a general system of reference 
Oxyz by means of rotation matriсes T (θi), T (φi), T (ψi) relative to axes of coordinates Ox, Oy, Oz for angles θi, φi, 
ψi and displacement matrices Ti relative to the center of coordinates of the general system of reference Oxyz [5]: 
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where li , mi , ki  are transfer values in the directions of Ox, Oy, Oz axes. 
The cross sections have the shape of superellipses and are set by parametrical equations [6] in the general system 
of reference Oxyz: 
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where Ai and Bi are superellipse semi-axes, 
ni is a positive number, 
sgn (cosω), sgn (sinω) are the piecewise constant functions defined as follows [7]: 
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ω is a parameter, 0 ≤ω ≤2π. 
To construct the directional line we need to calculate axial inertia moments of sectional areas restricted by 
superellipses about Ox, Oy and Oz axes of the system of coordinates combined with superellipse semi-axes [6]: 
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where ρ is  the section density we set to control the shape of the designed surface, 
εi=2/ni , B is a beta function. 
 
By the moments of inertia we construct inertia ellipsoids for the set sections, using a relationship between the 
inertia moment J of the section about the axis passing through O point (superellipse center of mass), and the distance 
to K point, belonging to the inertia ellipsoid on the axis from the center of the O section [8] 
1OK
J
 . 
Rows of a matrix of the combined transformation while rotation 
> @ > @ > @i i i iT I \ R T T T   (7) 
are direction cosines of basis vectors of the coordinate system Oixiyizi connected with the set i-th section. These 
basis vectors, due to the superellipses symmetry, are the direction basis vectors for inertia ellipsoids semi-axes. To 
design the directional line let the initial data about the directional line be centers of mass (li, mi, ki) coordinates of set 
sections as nodal points, and as tangents to the designed directional line we take the inertia ellipsoids semi-axes 
located on normals to the planes of the set sections. Using a cubic interpolation, we move on from this discrete initial 
data to a continuous spatial curve – the directional line (hydraulic axis) of the designed channel surface. Changing of 
the above mentioned density ρ can affect the tangent module and control the directional line. Thus, the obtained 
directional line will be a piecewise line where coordinates of each component will be described by the following 
equations[5]: 
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where Bj are coefficients calculated from coordinates of the centers of mass of generatrices and inertia ellipsoids 
semi-axes. It should be pointed out that the obtained directional line will be the piecewise line, then a designed 
surface will also consist of a number of frameworks connected according to common generatrices, set at designing. 
Information about basis vectors of the directional line or Frenet trihedral is necessary for further surface forming. 
We calculate the equations of Frenet trihedral basis vectors through the relation of differential and geometrical 
characteristics of the directional line and its projections on the plane of a basic system of coordinates Oxyz based on 
earlier investigations of «reconstructive geometry of a curve» [9]. Thus, based on [9] we obtained vectors of a 
tangent and normals as: 
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where τx(t), τy(t), τz(t), νx(t), νx(t), νx(t) are directional cosines of unit vectors of tangent τ(t) and normal ν(t), formed 
with basis vectors i, j, k of the general system of reference Oxyz. 
Based on the formula β =τ×ν we obtain a unit binormal vector, which looks like: 
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where βx(t), βy(t), βz(t) are directional cosines of the unit binomial vector β(t), formed with the basis vectors i, j, k of 
the general system of reference Oxyz. 
2.2. Forming of a channel surface framework 
Let us turn to the second stage of forming of the orthogonal continuous framework of the channel surface where the 
surface is filled with a continuous framework of generatrices, determined by the directional line.  
     To construct the surface we need a sectional areas diagram (the plane curve characterizing the law of changing of 
normal sections areas along the directional line). For obtaining such a curve we calculate the areas of superellipses 
expressed by the formula [6] 
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where Г is a gamma function. Then, we perform the interpolation of values of the set sections areas (12) by 
means of cubic splines. To provide a continuity of change of the shape of designed surface sections passing from one 
set section to another it is necessary to obtain the continuous law of change of superellipses exponent along the 
directional line. It is also possible to apply a spline interpolation or a linear interpolation. 
The following step is carrying out of the transfer of set sections with the vectors of tangents of the directional line 
corresponding to the sections centers of mass in the coordinate origin of the basic coordinate system. In the 
transferred sections of the designed channel surface we calculate the angle αi between the superellipse semi-axis Ai 
and the line Ii formed by crossing of the normal plane of Frenet trihedral with the Oxz plane. Using the angle αi and 
the moments of inertia (4), (5) we calculate inertia moments of the set sections relative to the lines Ii and 
perpendicular lines IIi [10], located in the Frenet trihedral normal planes. 
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Further on we interpolate inertia moments values relative to these axes along the directional line between all set 
sections. 
Thus, in each point of the directional line we have the section area restricted by a required generatrix, values of 
the inertia moments of the area relative to two lines Ii and IIi located in the normal planes of the Frenet trihedral of 
the directional line, and the superellipse exponent value. Based on expressions for the area and superellipse inertia 
moments we make the system of equations 
   
   
2
2 23 3
2 23 3
1 24 1 1 ,
3 31 1, cos , sin ,
2 2 2 2 2 2
3 31 1, sin , cos ,
2 2 2 2 2 2
t
t t t
t t
t t t t
It t t t t t t t
t t t t
IIt t t t t t t t t
S A B
n n
J A B A B
J A B A B
H H H HU H D U H D
H H H HU H D U H D
§ ·§ ·§ · § ·¨ ¸ *  * ¨ ¸¨ ¸ ¨ ¸¨ ¸¨ ¸© ¹ © ¹© ¹© ¹
§ · § · %  %¨ ¸ ¨ ¸© ¹ © ¹
§ · § · %  %¨ ¸ ¨ ¸© ¹ © ¹
  (14) 
solving it for each point of the directional line with the current parameter t we calculate the values of semi-axes At, 
Bt and the angle of rotation αt of the superellipse semi-axis At and the line It. Thus, we put down the equations (3) as 
functions of the area and the moments of inertia 
( , , , , ), ( , , , , )t t t t t t t tx x t S A B n y y t S A B n    (15) 
It allows us to make a continuous rotation of generatrices (15) in trihedral normal planes while its motion along 
the directional line by means of a rotation matrix 
1
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For setting the equation describing the law of change of the orthogonal continuous framework of the channel 
surface it is necessary to correlate the equations of the generatrices (15) with  the Frenet trihedral of the 
directional line. We expand the trihedral basis (9), (10), (11) according to the basis of the general system of 
reference Oxyz in the form of a matrix and find its inverse matrix  
1
2
i i i
j j j
k k k
Q E W
Q E W
Q E W
§ ·¨ ¸ ¨ ¸¨ ¸© ¹
R ,  (17) 
which sets the transformation, resulting in obtaining of the equation of the generatrix in the normal plane of the 
trihedral written down in the general system of reference. 
Put down the equations (8) as the matrix 
      n n n nx t y t z t L ,  (18) 
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where n is the number of a spline segment describing the directional line, n=1,…, q-1, q is the quantity of set 
generatrices. 
The equations of generatrices (15) we also write down as the matrix 
 0n n nx y G .  (19) 
Based on the expressions (16), (17), (18) and (19) we put down the equations of n segments of the channel 
surface as the matrix 
1 2nn n n n
   P L G R R . 
3. Example 
Let a geometrical part of a determinant of the channel surface be set by the framework of three superellipses 
given in Fig. 1 and parametrized as: 
1 5sgn(cos ) cosx Z Z , 1 3,5sgn(sin ) siny Z Z , 
 2 3
2 4sgn(cos ) cosx Z Z ,  2 32 3sgn(sin ) siny Z Z , 
 1 3
3 3,5sgn(cos ) cosx Z Z ,  1 33 2,5sgn(sin ) siny Z Z , 0 2Z Sd d , 
The position of sections in space is defined by the rotation matrices (1), (2), (3) and motion matrices (4), the 
angles θi, φi, ψi and transfer values li, mi, ki of which are shown in Table 1.  
 
Fig. 1. The shape of the set sections of the projected channel surface. 
Table 1. The parameters defining the sections position in space. 
i θi φi ψi li mi ki 
1 π/17 π/6 4π/3 3 4,5 1 
2 π/8 π/12 5π/4 6 3,5 7 
3 π/7 π/18 7π/6 7 1 14 
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The arrangement of the set sections in space taking into account rotations and motions is shown in Fig. 2a. 
Fig. 2. (a) The set sections with directional line; (b) a number of intermediate sections; (c) continuous framework of a channel surface. 
At the first stage according to the proposed method we obtain the directional line presented in Fig. 2(a). 
At the second stage we obtain the framework formed by two parts joined according to a general generatrix which 
intermediate sections are shown in Fig. 2(b). The final continuous framework is presented in Fig. 2(c). 
4. Conclusion 
The examined method proposes a new algorithmic part of the surface determinant, providing a continuous 
surface framework based on a geometrical part of the surface determinant in the form of a discrete framework. The 
method proposed can be used to form channel surfaces, set discretely by the sections in the form of superellipses. 
This method is applicable for forming of variable section channel surfaces intended for transportation of working 
(liquid and gaseous) mediums in products of oil and gas mechanical engineering. 
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